Chapter 16: Horizontal Mergers

L earning Objectives

Students will learn to:

1.

10.

11.

12.

Explain the reasons behind mergers. Some of these have to do with increased efficiency
and reduced costs of production and marketing. Othersrelate to the ability to enhance
product quality or services.

Differentiate horizontal, vertical, complementary, and conglomerate mergers. Horizontal
mergers take place between firms that produce or consume substitute goods at the same
point in the vertical chain. Vertical mergers typically take place between firms at
different stages in the chain or between firms at the same stage that produce or consume
complementary goods. Outputs at one stage that are inputs at another stage are obviously
complements in production. Conglomerate mergers involve the combination of firms
without a clear substitute or a clear complementary relationship.

Analyze horizontal merger using a simple Cournot model.

Explain why there is a merger paradox in the Cournot merger model, why it makes some
intuitive sense, and provide a reasoned discussion of the weaknesses of the model.

Set up and solve a simple three-firm Cournot model and then resolve the model assuming
two of the firms merge leaving atwo-firm duopoly. The student will be able to explain
the merger paradox using this simple merger model.

Show how the results of the Cournot merger model differ if the firmsinvolved have
differing fixed or marginal costs either before or after the mergers, i.e. show that potential
cost savings matter.

Explain why the Stackelberg merger model may be more realistic than the Cournot
merger model. The student will be able to give reasons why a newly merged firm may be
ableto act as a Stackelberg |eader.

Differentiate the conclusions of the alternative horizontal merger models (Cournot and
multiple leader/follower Stackelberg) and relate them to the model assumptions.

Understand the importance of sequential play in which commitment is possible and the
reason that mergers that might not happen in a simultaneous setting can happenin a
sequential one.

Explain why a horizontal merger may make sense when the products are differentiated
substitutes as compared to homogeneous goods. The student will be able to solve a
simple circle location model involving the merger of two of the firms,

Solve asimple circle location model involving price discrimination. The student will be
able to show how the market equilibrium in the price discriminating circle location model
changes with the merger of two of the firms. The student will understand why mergers
are aparticularly valuable way to avoid price competition in a circle location model
where price discrimination is possible and prevalent.

Explain the public policies towards horizontal merger.

Suggested L ecture Outline;
Spend two fifty-minute long lectures on this chapter.
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Lecturel:

1. Introduction

2. Cournot models of merger

3. Introduction to Stackelberg model of mergers
Lecture2:

1. Anayze Sequential Merger Models

2. Location models of horizontal mergers
i) No price discrimination
ii) Price discrimination
3. Public Policiestowards horizontal mergers
Suggestionsfor the Instructor:
1. Theintroduction to these lectures isimportant in motivating the topic.
2. Examples of horizontal mergers are very helpful in motivating the material.
3. Common examples of horizontal mergersinclude:
Banking firmsin neighboring communities or states
Competing department stores in a given urban area or region
Concrete ready-mix firms
Trucking firms or railroads
Airplane manufacturing firms (Boeing and everyone else)
Retail hardware and garden supply stores

4. Theresultsfrom onthe N firm Cournot model should be reviewed briefly before
presenting the merger results. A numerical homework problem might be given a
week or so before beginning this set of lectures so that students have the ideas
freshin their minds.

5. The easiest way to motivate mergersisto consider a three-firm Cournot model
and compare the total profits and profits per firm with a two-firm Cournot model.
Thisis simpler than the general N firm case initially presented in the text. Relate
this to the material on collusion and cartels and the incentives for firms to control
total market supply. The merger paradox becomes more transparent as we move
from three firmsto two firms to asingle firm.

6. Itisimportant to discuss the limitations of the Cournot merger model. The
model has often been criticized in the literature and the students will think of
some of these criticisms themselves. Have the students try to think of how they
would respond to the criticisms, as well.

7. Thematerial on the multiple leader multiple follower Stackelberg model is quite
complicated as far as algebraic manipulation. One approach is to take some time
and go over thisin detail as areview of much of the courseto this point. An
aternative is simply to state the resultsin general terms (show the final
inequalities) and spend more time on the interpretation of the result. The use of a
spreadsheet table here may be very useful, even if the instructor just presents the
results rather than have the student create them.

8. Spend time motivating mergers in location models.
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Solutionsto End of the Chapter Problems:

Problem 1

(a)First consider the 3 symmetric firms. For thefirst firm profit is given by
n, = Pq, - 20q,

(100 - g, - g,-4; - 904, - 20g,

= 100q, - 4 - 3,4, - 4:4, - 9,4, - 204,

If we maximize profit we obtain q, asafunction of the other firms' outputs.

ﬂ =100 - 2¢,-9,-¢9,-¢q, - 20 =0
dq,
=2q, =80-g,-9;-q,
80-4,-9;,-4
~q = 22 3”9

Since the first three firms are symmetric we know that g, = q, = q,. Thiswill then give

800,00y o 80-G -GG, 5 G

% 2 2 4

Thisalso impliesthat @, + g, + 0, = 6o_§q4

Now consider the profit maximization problem of firm 4.
T, = Pq, - (20 +Y)q,
= (100 - q ~ 4~ 43 ~ q4)Q4 - 20q4 - Y4,
= 1009, - 4,4, - %:9: - 9:9: ~ 9 ~ 204, ~ Y4,

If we maximize profit we obtain g, as afunction of the other firms’ outputs.
am,
— =100 - g,-¢9,-9,-q, -20-y =0
4
= 29'4 = 80_‘11“9‘2_9'3_7
_ 80_Q1_q2_43_'¥
2

- q4
If we substitute in the expression for ¢, + (], + (5, we obtain

so_ql_QZ_qE;_Y

dy = 5
80-y - | 60-34
2
3
) 20_7+ZQ4
2
5
=Zq4 =20—-Y
4
= =16 - =
dy SY
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We can then find the optimal levels of the first three firms by substituting in as follows

1
g, =20 - 1%
1 4
=20 - — (16 - =
4( - Y)
1
=16 + —
5 Y
The priceisgiven by
P =100 - 4,-9,-9,-4,

3. 4
100 - 64-Zy+=
sTTsY

1
36 + —
SY

The profit for each symmetric firmis given by
®, = Pq, - 20q,
1 1 1
=(36 + = 16 + — - (20)(16 + —
( +5'Y)( +5'Y) (20)( +5'Y)

= (16 + % V6 « 1y

5
32 1 .,
=25 + —y + —
5 ¥ 25 ¥
Profit for firm 4 is given by
n, = Pq, - 20q, - vq,
1 4 4
= (36 + = Y)(16 - 5 ¥) - 20+y)(16 - 5 )
4 4
= (16 - = y)(16 - =
( 5 ¥X( - Y)
128 16 ,
= 256 - =2 =2
5 L 25 v

The restrictions on the model are that price be greater than marginal cost and that quantities are
nonnegative. Since marginal cost for the first three firmsis equal to 20, thisimplies that

P=36+%y220

-y > -80
Since quantities must be positive we also have that
1
16 + -~y >0
5 Y
=y >-80
4
16 -—vy=20
5 Y
-y < 20

But we also require that marginal cost for the fourth firm is positive then, i.e., y > 0. This
then implies
20+vy=20
-y 2 -20

Combining the constraints and eliminating the redundant ones will yield
20 < ¥ < 20.
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(b) There are now three firms, two identical and one different. Solutionisasin part a.
Denote the firms m, 3 and 4, where m is the combined firm. First consider the 2
symmetric firms. For thefirst firm profit is given by

n, = Pg, - 20q,

(100 - g, - 45 - 999, - 20q,

100q,, - 45~ 929,949, ~ 204,

If we maximize profit we obtain ¢, asafunction of the other firms' outputs.
5=100—2q -g.,-q, ~20 =0
dq,,, m 3 4

=2g,=80-g,-¢q,
80-4g,-4,
2
Since the merged firm and firm 3 are symmetric we know that ., = q,. Thiswill then give

—qu=

_ 80-49,-4,
7/ 5
80-4,-4g,
=qm=—
2
3 4,
= :40—_
Zq"' 2
qy

=g =2666 - —
9, 3

Now consider the profit maximization problem of firm 4.

T, = PQ4 - (20+Y)q4
(100 - q,,- g, - q)q, - 209, - v4q,
100g, - 4,4, - 4,4, - 9+ - 209, - Y4,

If we maximize profit we obtain g, as afunction of the other firms’ outputs.

dn
—%-100-g,-9,-2g, -20-y = 0
dq,
=29, =80 -9,-¢,-Y
_80-qg,-49;-¥
= q4 = f

If we substitute in for the other firms we obtain
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80-g,-9,-Y

g4

2
- 2
80 -y - ( 53.333 - §q4)
B 2
_ 2
26.666 -y + §q4
) 2
=%q4 - 26.666 -y
3
= =20 - —
4, = o

We can then find the optimal levels of the other two firms by substituting in as follows

= 1
q, = 26.666 - 5 q,

= 1 3

= 26.666 - = (20 - =

S ( m Y)

1

=20 o

+ 4 'Y
The priceis given by
P =100 - q,.-q,-9,

1 3
100 - (40+=v)-(20 - =
( 2v)( 47)

1
40 + =
+ 4Y

The profit for each symmetric firmis given by
n, = Pg, - 20q,
1 1 1
= (40 + — y)(20 + = - (2020 + =
( +4Y)( +4Y) (20)( +4Y)

1 1
= (20 + q (20 + i )

|
=400 + 10 y + —
# M0y #—ny

Profit for firm 4 is given by
n, = Pq, - 20q, - vq,

1 3 3
= (40 + = ¥)(20 - 2 ¥) - (20+¥)(20 - 2
( 4v)( 47) (20 +v)( 4v)
3 3
=20 - 2 v)(20 - 2
( 4“r)( 47)
9 .2
=400 - 30 y + —
Pg ¥

The combined profits from part aare
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32 1
2w = (2)(256 + — y + —
: = @) s ¥ 257)

64 2
=512 + —y + —
s V77
2 .2

=512 + 128y + —
Yoy

If ¥ ispositive then the sum of the independent profits are higher since they are higher in every
term. If » isnegative then the difference between (512 + 12.8( + 2/25 (¥ 2) and (400 - 30( + /16

2 2
(7 ) could shrink. Denote this differenceas A =112-2.8-0.0175y . Consider this difference
at the lower bound for y (-20). The profitsin the two cases are

T(sum) = 512 + 12.8 (-20) + 2—25 (400) = 288
nw(merge) = 400 + 10 (-20) + 1—16 (400) = 225
The differenceis63. At y =0, thedifferenceis112. At y =20, thedifferenceis 175.

(c) Weassumethat firms 2 and 3 are still independent. Since firm 4 has higher costs than firm 1,
all production at the merged firm will take place using the facilities of firm 1. Thuswe have a
three-firm Cournot game where the firms are symmetric. We can proceed asin a, essentially
ignoring firm 4.

For the merged firm profit is given by

n, = Pq, - 20q,

(100 - g, - 4, - 94, - 20g,,
1004, - gn~ %9 ~ 9:9. ~ 20g,,

If we maximize profit we obtain q,, asafunction of the other firms’ outputs.

ﬁ =100 - 2¢9,-9,-q;, 20 = 0
dqm n
= 2q, = 80-g,-q,
_ 80-g,-4q,
W=

Since the three firms are symmetric we know that g,, = g, = Q5. Thiswill then give

qp =80—CI2—CI3 =0, =80_qm — 0Oy —q, =20
2 2
Priceis given by
P =100-q, —q, —q, =100- 60 =40
The profits for each firm are given by

n, = Pg, - 20g,
= (40)(20) - 20)(20)
= 800 - 400
= 400
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2
So firms 2 and 3 each have profits of 400. In a, the profits of firm 2 were 7, = [16+%7 j . The

largest possible value of » is 20 so the maximum profit for firm 2 in the initial problem is 400.

Thus, firm 2 cannot lose from this merger. We now need to compare this to the profits that
occurred in ato see how firms 1 and 4 do. The combined profits of firm 1 and firm 4 in part aare

n1=(16+§v)2

32 1 .2
=25 + — ¥y + —
SY 25Y
4
1t4=(16—§'y)2
128 16 >
=256 - — v + —
5 s 25Y
9 17 2
=7, +w =512 - =y + —
v T

The question is whether this is smaller than 400 for positive . If it is, there is an incentive to
merge. For example, if ¥ =10 then the profitsin (i) are given by

™ = (16 + % 10 = 324

ﬂ4—(16—§10)2=64
96 17

=M + @, =512 - — 10 + —100 = 388
5 25
Thisis clearly less than 400 so the firms would want to merge. We can solve this in more
% 17 ,

general form by writing the difference in profitsas 4 :112—€y+£7 . If wecan find all

valuesof y suchthat A <0, we know all values of y where thereis an incentive to merge.
Since this is a quadratic equation we can graph it as follows.

Incentives to Merge

Dlta

Garn rma
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Problem 2

(a) From Problem 1b, we have the following optimal quantities and market price, which are not
affected by fixed costs.

1

Tw =% =20+ 2 ¥

3

Q4=20_EY

1

P=40+27

Profits are now given by

nm=400+107+%72—bF
n3=400+10'(+1i672—F
11:4=400—307+%~(2—F

Combined profits for firms 1 and 2 with no merger are

2, = w(sum) = (2)(256 + 3—52 Y+ =y - F)

25

64 2 5
512 + — vy + — - 2F

5Y 25Y

2 2
512 + 128y + — y* - 2F
Y 25 Y

The merger is profitable if

2 Y
16
We can rearrange this expression to obtain

2

I_BpF 2512+ 128y + =
Y 257

Ti(merge) = 400 + 10 y + 1 - 2F = n(sum)

2F - bF 2 112 + 28 y + 0.0175 y*
= F2 -5b)> 112 + 28 y + 0.0175 ¥*
0.0175v2 + 28y + 112 < F(2 - b)
0.0175y? + 2.8y + 112 + F(b - 2) < 0
0.0175{y? + 160y + 6,400) + F(b - 2) < 0
0.0175(y + 80P + F(b - 2) < 0
0.0175(y + 80F < F(2 - b)

F(2 - b)
gop < FC-H
LR T

1
y + 80 < JF@ - b?

0.13228756

1
L)
0.13228756
Now to interpret the condition. If bisrelatively closeto 1, then the right-hand side of the
expression will be large and the left-hand side is more likely to be lessthan it. If Fislargein
general and b is not close to 2, then the left-hand side is more likely to be less than it. Suppose
that b is equal to 1 so that the merged firm has the same fixed costs as one of the merging firms.

Y

101



Then we can write the above expression as
R/
0.13228756

Large values of F (with b = 1) will make it more likely a merger is profitable. Low values of y
will also encourage the merger.

Y <

(b) From Problem 1c, we have the following optimal quantities and market price, which are not
affected by fixed costs.

Iw =49, = 93 = 20
P = 40
Profits are now given by
m_ =400 - bF
n, =17, =400 - F
Combined profits for firms 1 and 4 with no merger are
96 17 -
wo+W, =512 - —vy+ — ¥y -2F
BT 5 Vs Y

The merger is profitable if

T(merge) = 400 - BF > 512 - 9—56 ¥ + % v? - 2F = n(sum)
We can rearrange this expression to obtain
17 , 96
2 =y +112<F(2-b
= "5 (2-b)

Now to interpret the condition. If bisrelatively closeto 1, then the right-hand side of the
expression will be large and the left-hand side is more likely to be lessthanit. If Fislargein
general and b is not close to 2, then the left-hand side is more likely to be less than it. We can
repeat the diagram from Chapter Problem 1 part c.

Incentives to Merge

| 17425 ¥ + 96/5 v+ 112

25 + F=3D,h=12

15 \ F=30.b=15
F=20bh=15%

22
Samma

A5 -

25
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(c) Mergersthat create cost savings by economizing on fixed costs or by eliminating
high cost firms are more likely to be profitable.

Problem 3

(&) We now have a market with three firms, two identical and one (the leader) different.
Denote the firms|, 3 and 4, where | denotes the combined leader firm. First consider the
response of the 2 follower firms. For the third firm profit is given by

®, = Pg, - 20q,
(100 -4 4y - Q4)% - 2043
looqa. - &gy q.’oz TGy T 2043

If we maximize profit taking the other outputs as given, we obtain g, as a function of the other
firms' outputs.
dnS
Es 100 - ¢,-2g,-¢q, -20 = 0
= 2q3

80-¢,-4,
80-¢,-4q,
2
Since firm 4 and firm 3 are symmetric we know that g, = d,. Thiswill then give
80-¢,-4,
2
80-¢9,-q,
2

=q3=

q; =

=Q3=

3 9
= =40 - =
2% 2

-vq3=q4=26.63—%

Thetotal output is

_ 2
g, + g, = 53.333 - %

Now consider the profit maximization problem of the leader firm. This firm will take into
account the best response function of the follower firms.
w, = Pgq, - 20¢,
(100 - ¢,-q; - 999, - 20g,
= 100g, - ¢, - 954, ~ 9,9, ~ 204,

- q - q
100g, - g - (26.666 - ?!)qg - (26.666 - ?")gﬂ - 20g,

~ 27
100g, - g - (53.333 - T“)q! - 20q,

80g, - g7 -53.333q, + %:;ﬁ

26.666 - %qf
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If we maximize profit we obtain g as afunction of the other firms" outputs.

= 1 2
n, = 26.666q, - ) q,

dm, - 2
T - 26.666 - 2 g,
dgq, 3
-~ % g, - 26.666
=gq, = 40

If we substitute in for the follower firms, we obtain

= 1
q, = g, = 26.666 - qu

- 26.666 - %(40)

26.666 - 13.333
13.333

The priceis given by
P:lOO—q,—q3—q4=33%
The profits for each symmetric follower firm are given by
n, = Pg, - 20g, i=3,4
1 1 1
= (33)(135) - 20)(13=
( 3)( 3) (20)( 3)
1
=(13=
(1357
17777

Profit for the leader firmis
W, = Pq! - 20(_1rG

= (33 %)(40) - (20)(40)

1
(13 5)(40)

- 5331
3

Thisislarger than the sum of the profits from problem 1b, which were

2m, = (256 + 22 + o2 )

25
64 2 2
=512 + —y + —
5 X 257
2 2
=512 + 12.8 —
* 'Y+25‘v

sinceif y =0then 533 1/3>512. The product price of 33 1/3 is lower than the price of 36in 1a

or 40 in 1b. The profits of the non-merged of follower firms (177.77) are smaller than in either
1a(256) or 1b (400) when  =0.
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(b) In this situation we will have two Cournot competitorsin the leader group. Thus, we
can solve the problem as a symmetric Cournot duopoly. Denote them as R and m for the
initial leaders and followers who merge. Profits for the newly merged firm are

n, = Pq, - 20q,
= (100 - ¢, - 4,04, - 204,
= 100g,, - 4,4,.~ 4 - 20g,,
If we maximize profit we obtain g, as a function of the other firm’s output.

n _ 100 2 -20=0
— i = - q - qm - =i
aq,, ‘
-+ 2q, = 80 -g,
80 - g,
— qm = 2
=40 - %
2
Since the two firms are symmetric we know that g, = g.. Thiswill then give
_ 80 - g,
g, = 3
_80-g,
="
3
= Zg =40
- g, = 26.666
The priceis given by
P = 100 - 26.666 - 26.666

46.666
The profit for each firmis given by
w, = Pq, - 20q,

- 462y062y - 2
= @6 3265) = 20M26)

2
= (26—
@627
= 71111
Thisis much larger than the sum of follower firm profits each of which was 177.77.
Problem 4

(@) Thetotal profit of the firms 1 and 2 after merger as a Stackelberg leader is 533 1/3. The sum
of the profits from being part of a Cournot market is 512. Thus atotal fixed cost for both
firms of more than 533 1/3 - 512 = 21 1/3 would make the merger not desirable.

(b) Inthe Stackelberg equilibrium, the follower firms each make 177.77 for atotal profit of
355.55. In the two firm Cournot model the profit of each member of the duopoly has a profit
of 711.11. If the cost of merging is more than 711.11 - 355.55 = 355.55, then these two firms
will not merge.
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The following table summarizes the results.

M odel Q P gl1& g2 |(g3& g4 |[ql q2 g3 g4
Monopoly 40 60

Cournot (4 firms) 64 36 16 16 16 16
Stackelberg (2 66.66 | 33.33 | 40 13.33 | 13.33
followers)

Cournot (2 firms) 53.33 | 46.66 | 26.66 26.66

Problem 5

(8) Assume that the number of firmsin the market isten, that is, N = 10, and that, as in question
4, atwo-firm merger requires that each of the merging firmsincurs afixed cost of f prior to
the merger. Derive arelationship, f(L), between f and the size of the leader group, L such
that if f > f(L), the two-firm merger will be unprofitable. Calculatef(L) forL =1, 2, 3, 4, and
5to confirm that f(L) isdecreasing in L. Interpret this result.

First write the expression that specifies when atwo-firm merger is profitable and then
subtract f from the Ihs so that the merger is still profitable after paying the fixed cost f.

(A_c)z s 2 (A_c)z
BL+2WN-L-1) BL+1P(N-L+1)y

and if still profitable

“-cp ]_fzz[ (- ]

B(L+2*(N-L-1) B(L+1P(N-L+1)

Rearranging we obtain the desired expression for when a merger is still profitable. If f islarger
than the expression then the merger will not be profitable.

f < A-cf ] -2 [ -y ] = merger profitable
B(L+2P(N-L-1) B(L+1*(N-L+1Y

f > A-cf ] -2 [ -cy ] = merger not profitable
B(L+22(N-L-1) B(L+1P(N-L+1y

Note that once L = 8, amerger of the final two firms leads to a model with no followers. If N =
10, we obtain the following table.

L Profit of Leader Firm  2*Profit of Follower  Profit L - 2* Profit F

1 88.88889 32.00000 56.88889
2 57.14286 17.55830 39.58456
3 42.66667 12.50000 30.16667
4  35.55556 10.44898 25.10658
5 32.65306 9.87654 22.77652
6 33.33333 10.44898 22.88435
7 39.50617 12.50000 27.00617
8 64.00000 17.55830 46.44170
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If f islarger than the rightmost column, then the merger will not be profitable. Thus, the
function isdecreasing in L until L reaches 6, after which itisincreasinginL. Theintuitionis
that the advantage of being aleader is greater for the first few firms but falls as more join the
group. Eventually the advantage of being the leader stops falling as the remaining follower
firms gain some market advantage.

(b) Inthiscase, once L =6, amerger of thefinal two firmsleads to amodel with no
followers. If N = 8, we obtain the following table.

L Profitof Leader Firm 2*Profit of Follower  Profit L - 2*Profit F
1 11851852 50.00000 68.51852
2 80.00000 29.02494 50.97506
3 64.00000 22.22222 41.77778
4  59.25926 20.48000 38.77926
5 65.30612 22.22222 43.08390
6 100.00000 29.02494 70.97506

If f islarger than the rightmost column, then the merger will not be profitable. Thus, the
function isdecreasing in L until L reaches 4, after which itisincreasinginL. Theintuitionis
that the advantage of being aleader is greater for the first few firms but falls as more join the
group. Eventually the advantage of being the leader stops falling as the remaining follower
firms gain some market advantage.

Problem 6

(8) We havethreefirmsin this problem as compared to the five firms in the Appendix
to this chapter. The notation is as follows.

L Length of the city or circumference of the circle N Number of consumers who are
uniformly distributed along the circle n Number of firms or products in the market,
inthiscasen=3 m, Mill price of the product produced by the jth firm t Unit

transportation cost r,, Distance the marginal consumer is from the location of firm i
in the direction of firmk

We can take any one of the three firms astypical of the others. So consider firm 2. Demand
for this firm from consumersto itsleft isNr ,, wherer, isthe marginal consumer given by

+ . = +tL—
my +iryp =M 0 Fip
=tr12=m1+%—tr12—m2
-2tr12=m1—m2+£
n
R U I
12
2t 2n
B Y
2t 6

So demand to the left of firm 2 isgiven by D(left) =Nr,, i.e.,
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D,(lef)) = Nr,,

I e S S /3
2¢ 2n
B Nm]_Nm2+NL
2t 2t n
_ m _ Nm,  NL

2t 2t 6
Similarly, demand from consumersto theright of firm 2isNr,, , wherer,, is

m, - m L
3 N

2t 6
So demand to the right of firm 2 is given by D,(right) = Nr,, , i.e.,

Faz =

D,(right) = Nr,,

M~ ™, L
2t 2n

Nm, Nm, .\ NL

2t 2t 2n

Nm, Nm, .\ NL

2t 2t 6

=N

And total demand is given by
D = Dy(left) + D,(right)
Nm, Nm, NI Nm, Nm, NI
+ —— + +

2t 2t 2n 2t 2t 2n
Nm, 2Nm, Nm; NI
- + [ o ftion

2t 2t 2t n
m -2m, +m;, [
= _— + —
2t n
_y|M2mtm L
2t 3
Firm 2's profit is, therefore,
m —-2m, + m
T, = mZN ! 2 34 £
2t n

- N mm, - 2m22 tmmy m,L
2t n

2
N mm, - 2m, + m,m, . m,L
2t 3

Differentiate this with respect to m, to give the first-order condition for firm 2:
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Since the three firms are identical, in equilibrium we must have m; = m, =m,  Let thiscommon
value be denoted by m* and substitute in the first order condition to obtain

m o Amrm L) _
2t n
m*x —4dm* + m+x L) _
= + — = 0
2t n
o | =2mx L) _ 0
2f n
= m_* = £
t n
tL
= m*x = —
n
_tL
* = ——
3
Now substitute in the values for this problemwhere L = 1 and t = 0.5. Thiswill give
tL
m%x = —
3
= E
3
=1
6

Given the equal prices, each store will sell to 1/6 of the total customers on each side of it, or 1/3
of total customers. For example for firm 2, demand is given by

D, =Ny +ry)

N[WLJ

2¢ 3
- N m+ — 2m* + mx L
2¢ 3
- NL
3
- 100 _ 551
3 3

(b) Profitswill be given by the product of price and quantity or

(=33

555

]
I
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Problem 7

(a) We can write the profits for each of the three firms as follows.

m, - m m,-m
T, = Nm, 3 Lg 2 L, L
2t 2t n
2
< mm, + mm, - 2m; . m, L
2t n
. e B R N
% 2 2t 2t n
2
- N mym,; + m,m, - 2m, m,L
2t n
m - m m, - m
r, = Nm, 1 i, B 3 . L
2t 2t n
2
N mm, + mm, - 2m; . m,L
2t n

After the merger, the merged firm chooses m; and m, to maximize aggregate profit =, + r,,
while firm 3 chooses its price to maximize itsindividual profits. This means that we have three

first-order conditions to solve:

g(m, +7,) _ am, . on,
dm, om, am,

) N[ my + m,

2t

d(m, +m,) _ om, . on,
om, om, Om,

- 4m

1

L Nm,
+ 2] + =
n 2t

1}
=]

g o

2t
on my +
3 =N[ L Ty
2t

om,

Nm, . N[ m, + m

2t

- 4m,

- 4m, L]

n

+£ =0
n

We need to solve these three equationsin three unknowns (m,, m,, m,). Making the substitution
that n = 3 and rewriting the first equation we obtain

N m; +m, —4m, +£ __Nm,
2t 3 2t

_ | mgtm,—4m, L m,
2t 3

Now rearrange and simplify
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my +m, —4m; m,
+ — = —
2¢ 3 2t
my +2m, - 4m, L
2t 3
=m, +2m, - 4m, = —2—;’1'
2¢L
=4m1—2m2—m3=T
Now do the same with the second equation
Nemy oy Mat™ - 4m| _ NL
2t 2t 3
m, m, + m - 4m, L
=y e | S T e e
2¢ 2t 3
. m, + 2m - 4m, _ L
2t 3
=my +2m - 4m, = —2—;‘1'
=>—2m1+4m2—m3=2%
And the third equation
m +m - 4m ) NL
2t 3
mo+m-4my| L
2t 3
= m +m - 4m, = —2—21'
_ 2tL
=—m1—m2+4m3—T
Now subtract the second equation from the first
4m1—2m2—m3=2—;L
2m, +4m2—m3=2—f'

-+ 6m, - 6m, =0

- m =m,

This means that the merged firm will charge the same price at both of its outlets.

common output level by m* and substitute back in the first equation.
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4m, - 2m —m3=%
211

=4m™ - 2m”™ - m, =

=>2m*—m3=_
—=2m* =m + —

. _ My L

= m = —= f —
Now substitute m* for m, and m, in the third equation
—ml—m2+4m3=—

= -2m* + dmy = ——

m
=,(-2)[?3+£] +4m3=%
-2
LR A1
2 6 3
o 3my - ML, AL
3 6
_2tL 4Ll
=>m3_—+—
9 18
_ 8L _ 4L
18 9

We get m; and m, by substituting m, in the equation for m*.
« my  2tL
m = -

2 6

_ 9 2tL
= e
2 6

= ﬂ + 6LL
18 18

_10¢L _ 5iL
18 %

Now plug in the values for this problemwhere L = 1 and t = 0.5. Wethen have

e N T
. _5tL _25 _ 5
Ty T T
mo= ML 2 _ 4
9 9 18

The merger has led to higher prices. Profits are given substituting the optimal prices in the profit
functions. First for outlet one
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2
n =¥ mom, + mm, - 2m, . m, L
2t 3
5
5
Ctoo|[3)[A) L (5)(8) -of5) . 18
18 J 18 18/ 18 18 3
- 100 20 , 25 _ 50 , 30
324 324 324 324
= 100 é
324
- 2500 _ 625 _ 5996
324 81
Now for the other outlet owned by the merged firm
2
n, = N mym, + mym, - 2m, . m,L
2t 3
5
.
o[ 2 A [ -2 2]+ 28
1871 18 18 )1 18 18 3
- 100| 25
324
_ 2500 _ 625 _ 400
324 81
So profits for the merged firm are
n(merged) = e o+ [y = @ @ = _1’250
S THE 11 81
= 15432
Profitsfor firm 3 are
2
=N mym, + mym, - 2m;  m,L
2t 3
4
, —
= 100 i i + i i -2 i + ﬁ
18 J 18 18 /1 18 18 3
= 100 & + ﬂ = 2 + ﬁ
324 324 324 324
= 100 £
324
- 3200 _ 800 _ 54765
324 &1

All firms are much better off, the merged ones more so. The merger is profitable
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(b) Let Firms1, 2 and 3 locate at 1/6, %2 and 5/6, respectively. In equilibrium, Firm 1 serves
consumers who are located in [0, 1/3], Firm 2 serves consumers who are located on [1/3, 2/3] and
Firm 3 serves consumers who located on [2/3, 1]. Consider the competition for consumers that
lie between two firms. For a consumer who lies midway between two store locations, e.g., at 1/3
or 2/3, the products of the two nearest firms are perfect substitutes. Hence, price competition to
serve this consumer will lead each firm to offer a price equal to margina cost, which we again
assumeis zero for simplicity. Priceswill then rise linearly to consumers as their location moves
closer to one store or the other. For a consumer located precisely at the same location as a store,
the nearest competitor is 1/3 miles away. Hence, the store can charge this consumer marginal
cost plus s/3 = $0.50/3 = $0.167. The average price charged by a store on a particular side that
faces competition from rival on that same sideis then ($0 + $0.167) = $0.08333 or about 8 cents.
Because the town isaline and not a circle, matters for stores 1 and 3 are alittle different on their
far sides where they face no direct competition. A consumer at 5/6 plus epsilon, for example,
would have to travel 1/3 plus epsilon to by-pass store 3 and purchase from store 2. So, store 3
can charge this consumer a price of $0.50/(3 + ). The price then rises linearly to the most
remotely located consumer (in this case, the consumer at location 1) who can be charged a price
of $0.50/2, since his nearest option is¥2 milesaway. So, on the end segments, the average price
is[($0.50/3) + ($0.50/2)]/2 = $0.208 or about 21 cents.

Each firm serves 33.33 customers. Profitsto firm 2 are 33.33x($0.0833) = $2.78. Profitsto
firms1and 3 are: 16.67 x ($0.0833) + 16.67 x ($0.208) = $1.39 + $3.47 = $4.86. Price
discrimination intensifies competition where there are rivals. However, without uniform pricing
that imposes the same price to all consumers, price discrimination leads to higher prices where
consumers have inelastic demands because few substitutes are available.

A merger in this price discrimination case between say firms 1 and 2, will have the following
effects. The price to all consumers to the right (east) of firm 2 will remain unchanged. Nothing
has happened to alter the strategic interaction between the store at firm 2’ s location and the
remaining, non-merged firm, firm 3.

For consumers west of store 1 (address = 0 to 1/6), and consumers between stores 1 and 2 that are
now commonly owned, the only constraints on pricing are: 1) the maximum willingness to pay
less transport cost; and 2) the price at firm 3 plus the cost of getting to that store. The binding
constraint will be whichever islower and, in this casg, it’s the latter. Consider the consumer
midway between stores 1 and 2. She can buy at either store at total cost of either p; + 0.5/6 or p,
+ 0.5/6. Alternatively she can buy from store 3 at price p; + 0.5/2. Since firm 3 can profitably
serve this consumer at a price of ¢ = 0, the maximum price that can be charged this consumer is
$0.5/2 = $0.25. For consumers to the east of this point but till to the west of store 2, the
maximum price falls linearly as the distance to store 2 (and firm 3) diminishes. For the consumer
located just at store 2, the maximum price that can be charged this consumer is 0.5/3 or $0.167.
Thus, the 16.67 consumers located between x = 1/3 and x = 1/2 pay an average price of $0.208, or
about 21 cents. Profit from this group is therefore $3.47.

For consumers located to the west of x = 1/3, the total expense of buying from firm 3 rises as the
distance to firm three grows. The maximum price that store 1 can charge to a consumer just west
of x = /3 isps + 0.5/2. Asbefore, the fact that firm 3 can profitably serve this customer at a price
just above marginal cost ¢ = 0, means that this maximum is $0.25. From that point, the price rises
linearly to consumers as their location moves further west. The maximum price that can be
charged to consumers at the west end of town (x = 0) isps + 5($0.5)/6 = $2.5/6 = $0.417. Store 1
would of course like to charge a higher price to its consumers of V —td where V = $5, t = $0.5 and
d isthe consumer’ s distance to store 1. However, since no consumer is more than 1/6 of amile
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from store 1, such a high priceis not feasible given the (distant) competition from firm 3. The
average price paid by the 33.33 consumers located from x = 0 to x = 1/6 is therefore [$0.416 +
$0.25]/2 = $0.33 and the profit from this group is therefore 33.33 x $0.33 = $11.

Of course, the average price charged to the 16.67 consumers who live just east of store 2 but west
of the midpoint between that store and firm 3, i.e., those between x = 1/2 and x = 2/3, remains as
before $0.0833. So, profit from this group is still 16.67 x $0.0833 = $1.39. Total post-merger
profitsto firms 1 and 2 then are: $3.47 + $11 + $1.39 = $15.86. The merger is highly profitable.

Problem 8
Note: Thereistypographical errorsin thisproblem. First, the setting inverted the value for h.

Thatis, h = glnot 8_1. Wethen havep = Llc:hc. Taking logsthenyields: Inp=Inh
& — & & —
. - . . . dp dh dc
+Inc. Differentiation then yields the first desired result, _=T+_' Denote the post-merger
p c
price cost margin ash’. We then have that h'=h+Ah=(1(l;—)5)gl. We may then solve for
dh _h-h b (-6 X@—ﬂ_lzﬂ—&@—ﬂ_@rék—l= 5 as reqired.
h h 1-6)-1" ¢ 1-6)-1 (@-6)-1 (1-6)-1
Problem 9
From above we have that withe =2 and 6 = 0.1, 4 01 E=0.125. That is, the

h (@-012-1 08
price-cost margin will rise by 12.5% as aresult of the merger. To keep prices constant, this

means that the merger must lead to cost efficiencies of 12.5 percent (% =-0.125).
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